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1. Introduction

The fluid flow and heat transfer through a porous
medium has been extensively studied in the past,
because of its relevance to nuclear waste disposal, solid
matrix heat exchanger, thermal insulation and other
practical applications. For the laminar wall-bounded
forced convection, the heat transfer characteristics
have been widely investigated by researchers [1-4]. For
the mixed convection flow, Parang and Keyhani [5]
studied the fully developed buoyancy-assisted mixed
convection in a vertical annulus by using the Brink-
man-extended Darcy model. Their results indicated
that the Brinkman term could be neglected for lower
Darcy number. Muralidhar [6] performed a numerical
calculation for buoyancy-assisted mixed convection in
a vertical annulus by using the Darcy model. The
results show that the Nusselt number increases with
the Rayleigh number and/or Peclet number. Hadim
and Chen [7] investigated the Darcy number effects on
the buoyancy-assisted mixed convection in the entrance
region of a vertical channel with asymmetric heating at
fixed values of Reynolds number, Forchheimer num-
ber, Prandtl number, and modified Grashof number.
Their results showed that as the Darcy number is
decreased, distortions in the velocity profile lead to
increased heat transfer. In this paper the fully devel-
oped mixed convection in a vertical porous channel

* Corresponding author.

with a uniform heat flux imposed at the plates is inves-
tigated by using the Brinkman—Forchheimer-extended
Darcy model. Both buoyancy-assisted and buoyancy-
opposed flows are considered. The effects of the par-
ameters on the heat transfer characteristics are exam-
ined in details.

2. Formulation

The problem under investigation is the fully developed
mixed convection between two long vertical plates filled
with a fluid-saturated porous medium. The uniform heat
flux condition is symmetrically imposed on both walls.
The porous medium is assumed to be isotropic and hom-
ogenous (with constant porosity and effective thermal
diffusivity). The thermophysical properties of solid
matrix and fluid are also assumed to be constant except
the density variation in the momentum equations. The
governing equations for momentum and energy for the
up-flow with heated or cooled walls can be written as:
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Nomenclature

CF form drag constant

Da* modified Darcy number, defined in Eq. (7)
F Forchheimer number, defined in Eq. (7)

g gravitational acceleration

K permeability

L half width of the channel

Nu Nusselt number, defined in Eq. (3)

P pressure

Ra Rayleigh number, defined in Eq. (7)

T* T? temperature and mean temperature
U, U, fluid velocity and mean fluid velocity

X,y streamwise and cross-streamwise coordi-
nates

Greek symbols

Olm effective thermal diffusivity

p thermal expansion coefficient

0 dimensionless temperature, defined in Eq.
“

Ue, 1y effective viscosity and fluid viscosity

Ve effective kinematic viscosity

Ps fluid density

For a constant heat flux at the walls, the wall tempera-
ture is assumed to increase linearly with x* as
T% =T4+ Cix*, where C) is a constant and T'j is the
upstream reference temperature. The Boussinesq ap-
proximation is used here. The Nusselt number is defined
as

ar-
dy* |

The nondimensionalization is carried out based on the
following definition.

x* * L2
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The dimensionless momentum and energy equations
with homogenous boundary conditions at walls are
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There are three dimensionless parameters, the modified
Darcy number, Da*, the Forchheimer number, F, and
the Rayleigh number, Ra. They are defined as
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3. Numerical method

The Galerkin method is used to solve the above
coupled equation (5) and (6) and their associated
boundary conditions. In this method, the test (weight)
functions are the same as the base (trial) functions.
Thus U, 0, and the base function, &,(y), are expressed
in the following.

N N
U= a:&u(), 0= buly(»), &a(y)
n=0 n=0 (8)

= (1 _yz)Pn(y)

where a, and b, are the unknown coefficients and
P,(y) is the Legendre polynomial of order n. The
above method has been used successfully in the stab-
ility analysis [8,9]. By substituting Eq. (8) into Egs. (5)
and (6), a set of nonlinear equations is produced. The
resulting nonlinear system is solved by the Newton
method [10]. The other details can be found in Chen
and Chung [9]. Generally, the criterion used for the
iteration convergence is
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where @/, and b/ are the values at the iteration number
i. We first verified our code by comparing with the
published results of forced convection (Ra = 0). Nield
et al. [4] showed that Nu is about 4.52 (estimated from
their Fig. 2(b) for p./u; =10) for F=10> and
Da* = 10, and the exact solutions of the Nusselt num-
bers for F = 0 and Da* = 0.01 and 10 are 5.129 and
4.122, respectively. Our computed Nusselt numbers
with N = 51 in Eq. (8) produce the same results. It is
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Fig. 1. The variation of the Nusselt number with the Rayleigh number for the buoyancy-assisted flow at (a) Da* =1072%;

(b) Da* = 10~*; and (c) Da* = 107°.
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noted that for u./ue =10, their Darcy number of 1
and Forchheimer number of 10* shown in their
Fig. 2(b) are equivalent to the Da* = 10 and F = 10?
in this paper. For a large value of F, our computed Nu
is 599 for F=10"2 and Da* =0.01, which is
approaching to the ‘slug flow” value of 6. For the
mixed convection, the analytic solution of Nu for F =
0 can be derived from Egs. (5) and (6) and is given in
the following for the case of 0 < 4Da*?>Ra < 1.
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while Nu decreases quickly with the increase of For-
chheimer number for mixed convection dominated
regime. Fig. 1(b) plots the results for Da* = 107%. It
shows that the modified Darcy number has an import-
ant effect on the Nusselt number. The Nusselt number
at Ra = 4000 for Da* = 1072 and F = 1 is 13.14 while
its corresponding Rayleigh number for Da* = 107*
and F = 1 for the same Nu is as high as about 1.55 x
107, which is 35 times larger than that for Da* = 1072

Nu

—4(a?b tanh b — b?a tanh a)|[(tanh a)/a + (tanh b)/b ]

- b? [2 + (sinh 2a)/a] 3

a2 [2 + (sinh Zb)/b] (10)

(a® +b%) [sinh(a +b)

2cosh? a cosh a cosh b a+b

sinh(a — b)]

a—>b 2cosh? a

where a = ([l + (1 — 4Da**Ra)'/*]/(2Da*)}'/* and b=
{[1 = (1 — 4Da*2Ra)""*1/(2Da*)}"/*. Our computed Nus-
selt numbers for Ra = 1000 and Da* = 10~ and Ra =
5x 10* and Da* = 10~ for F = 0 are 8.45 and 9.32,
respectively. These agree exactly with the above sol-
utions.

4. Results and discussion

The dimensionless parameters in the system are the
modified Darcy number, Da*, Rayleigh number, Ra,
and Forchheimer number, F. The Rayleigh number is
positive or negative for the buoyancy-assisted or buoy-
ancy-opposed flows, respectively. In this study, Da* of
1072, 10~* and 107° are chosen for sample calculation.
As indicated in Eq. (8), the Forchheimer number is the
combination of the form drag term and the pressure
gradient (or the Reynolds number), thus we have a
wide range to choose its value. In the buoyancy-
assisted flow, the variation of the Nusselt number with
the Rayleigh number for Da* =102 is plotted in
Fig. 1(a) for F ranging from 1 to 10°. All curves show
that the Nusselt number increases with increasing Ray-
leigh number, but the rate of increase is slower, when
the Forchheimer number becomes higher. The Nusselt
number at Ra = 5000 is 2.5 times than that of the pure
forced convection (Ra =0) for F<10* This indicates
that the buoyancy force has an important effect on the
Nusselt number for lower F. The maximum deviation
of Nu for F=103 and F = 10* from that of F = 1 is
about 2% and 6.3%, respectively. This implies that the
Forchheimer number has a very minor effect on the
Nusselt number for F<10?. Fig. 1(a) also shows the
different effects of the Forchheimer number on Nu for
forced convection and mixed convection. The Nusselt
number increases very slowly with increasing Forchhei-
mer number for the pure forced convection (Ra = 0),

This figure also shows that Nu increases with increas-
ing Rayleigh number. As shown in Fig. 3(a), this is
because the buoyancy force significantly increases the
fluid velocities near the wall regions, when Ra is
higher. The curves for F = 1 and 10° are almost over-
lapping with each other. The maximum deviation of
Nu between F = 1 and 107 is 3% in Fig. 1(a). This in-
dicates that the Forchheimer number effect is negligible
for F<107. The variation of Nu for F>10® from that
of F 1 becomes significant. At Ra =2 x 10°, the
variation in Nu between F= 107 and 10® is 2.33, while
it is as high as 4.18 between F=10% and 10°. The
decreasing rate of Nu is reduced for F>10°. The vari-
ation of the Nusselt number with the Rayleigh number
for Da* =107° is shown in Fig. 1(c). In general, the
behaviors of the curves follow the similar trends for
Da* = 107*. It again shows that the modified Darcy
number has an important effect on the Nusselt num-
ber. The Nusselt number for Da* = 10~% and F = 1 at
Ra = 1.8 x 10° is 15.73, while for Da* = 107% and F =
1, the Rayleigh number for the same Nusselt number
is as high as about 1.55 x 107, which is about 86 times
larger than that of Da* =10~*. The maximum devi-
ation of Nu between F = 1 and 10'' in Fig. 1(c) is
3.8%. From those results in Fig. 1(a)-(c), it may be
concluded that the Forchheimer number effect on the
Nusselt number is negligible for F<0.1/Da*2.

For the buoyancy-opposed flow, Fig. 2(a) plots
the variation of the Nusselt number with the Ray-
leigh number for Da* =1072. It shows that Nus for
all curves are smaller than that of the pure forced
convection (Ra=0). In the beginning, Nus for all
curves decrease with the increasing of the absolute
value of Rayleigh number |Ra| until |Ra| reaches a
threshold value. At this threshold value of |Ra, the
Nusselt number is the minimum. It can be seen
that Nus for F = 1 and 100 decrease very quickly
and they are close to a straight line for |Ral| lesser
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Fig. 2. The variation of the Nusselt number with the Rayleigh number |Ra| for the buoyancy-opposed flow at (a) Da* = 1072, (b)
Da* = 1074, and (c) Da* = 107°.
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than about 250, while for F=10% Nu decreases
slowly, that is, the decreasing speed is slower; when
F is higher. Then |Ra| is greater than |Ral|, Nu
increases with increasing |Ra|. These threshold
values of |Ra| for F = 1, 10% 10° 10% 10° and 10°
are about 255, 290, 400, 1300, 7700 and 50000, respect-
ively. This indicates that the threshold value of |Ra|
increases with increasing F and it changes only slightly

for F<103, while it increases quickly for F>10* The
Nusselt number for lower Forchheimer number (F =
1 and 100) increases more quickly than the other cases
in the beginning after |Ra| is greater than |Ra,|. When
the Forchheimer number is higher, the rate of increase
for Nu is slower when |Ra| is greater than |Ra| and
then the rate of increase is gradually reduced with
increasing |Ra|. The variation of the Nusselt number
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Fig. 3. The (a) velocity and (b) temperature profiles at various Rayleigh numbers for the buoyancy-assisted flow at Da* = 10~ and

F=1
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with the Rayleigh number for Da* = 10~ is plotted in
Fig. 2(b). It shows that the modified Darcy number
has an important effect on the Nusselt number. For
|Ra| smaller than the threshold value, Nu at |Ra| =
245 for Da* = 1072 and F = 1 is 4.04, while its corre-

sponding Ra for the same Nu for Da* = 10~* and F =
1 is as high as about 24,000, which is about 98 times
larger than that for Da* = 10~2. For |Ra| < |Ra,|, Nu
also decreases with increasing |Ra|, and the decreasing
speed is slower when F is higher. These threshold
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Fig. 4. The velocity profiles for the buoyancy-opposed flow at Da* = 10~ and F = 10? for (a)|Ra| <|Ra,| and (b)|Ra| > |Ray].



2428 Y.C. Chen et al. | Int. J. Heat Mass Transfer 43 (2000) 2421-2429

values of |Ra| for F = 1, 10%, 10%, 107 and 10® are
about 24,700, 25,000, 29,000, 47,000 and 200,000, re-
spectively. The threshold value of |Ra| for Da* = 1072
and F = 1 is about 255, while it is as high as about
24,700 for Da* = 10~* and F = 1. This also indicates
that the modified Darcy number significantly affects
the threshold value of |Ra|. The threshold value of
|Ra,| also changes slightly for |Ra|<10°. The maxi-
mum deviation of Nu between F = 1 and 10° is about
5%. This implies that the Forchheimer number effect
on the Nusselt number is negligible for F<10°.
Fig. 2(c) plots the results for Da* =107%. It again
shows that the modified Darcy number has an import-
ant effect on the Nusselt number. The |Rq,| for Da* =
104 and F = 1 is about 2.43 x 10*, while it is about
2.43 x 10° for Da* = 107° and F = 1, which is about
100 times larger than that for Da* =10"*. For
|Ra| < |Ray|, Nu decays with increasing |Ra| and the
decaying speed is slower for higher F. The maximum
deviation of Nu between F = 1 and 10'° is about
5.9%. From the above results in Fig. 2(a)—(c), it may
be concluded that the Forchheimer number effect on
Nu is minor for F<0.01/Da*?.

The velocity profile (U/Uy,) and temperature profile
(0/0.) for the buoyancy-assisted flow at Da* = 10~*
are plotted in Fig. 3(a) and (b), respectively, where 6,
is the temperature at the center of the channel. For the
pure forced convection (Ra = 0), the velocity profile is
almost a flattened straight line except at very near wall
regions. When the Rayleigh number increases, the
buoyancy force acts to increase the fluid velocity in the
near wall region. The velocity increase in the very near
wall region will enhance the convection heat transfer
and thus increase the Nusselt number. The increase of
fluid velocity in the very near wall region will result in
a decrease of fluid velocity at the center region of the
channel. When Ra is high, the maximum velocity in
the near wall region is significantly higher than the
fluid velocity at the center of the channel. As shown in
Fig. 3(b), the temperature profile becomes more flat-
tened, when Ra increases, this indicates that the mean
temperature is higher for higher Ra. Fig. 4(a) and (b)
show the velocity profiles (U/U,) for the buoyancy-
opposed flow at Da*=10"2 and F = 100 with
|Ra|<|Ra;| and |Ra|>|Ra|, respectively. It is noted
that the threshold value of |Ra| for Da* = 1072 and F
= 100 is about 290. Fig. 4(a) shows that when |Ra|
increases, since the buoyancy force acts to decrease the
fluid velocity in the near wall region and as a conse-
quence, lower the convection heat transfer and then
decrease the Nusselt number. The decrease of fluid vel-
ocity in the near wall region will result in an increase
of fluid velocity at the center regions of the channel.
When the value of |Ra| is greater than the threshold
value, as shown in Fig. 4(b), the fluid velocity in the
near wall region slowly increases with the increase of

|Ral, but it is always smaller than the fluid velocity in
the wall region for the pure forced convection. Thus
Nu for the buoyancy-opposed mixed convection is
always smaller than that of forced convection. The
fully developed mixed convection flow may be unstable
under approximate conditions. This topic is currently
under investigation [11].

5. Conclusions

The numerical calculation of the fully developed
mixed convection in a heated vertical channel filled
with a porous medium with imposed uniform heat flux
at the plates was performed using the Brinkman—For-
chheimer-extended Darcy model. The Galerkin method
was employed in this calculation. Both the buoyancy-
assisted and buoyancy-opposed flows are considered.
The effects on the heat transfer characteristics from all
the related parameters, the modified Darcy number,
Da*, the Forchheimer number, F, and the Rayleigh
number, Ra, are also examined. It is shown that the
buoyancy force can significantly affect the Nusselt
number for higher Rayleigh numbers, higher modified
Darcy numbers and/or lower Forchheimer numbers.
The modified Darcy number has an important effect
on the Nusselt number. For the buoyancy-assisted
flow, the buoyancy force acts to increase the fluid vel-
ocity for the near wall region and then increases Nu
when Ra is increased. The rate of increase in Nu is
higher, when Da* is higher and/or F is lower. It also
shows that the Forchheimer number effect on Nu is
negligible for F<0.1/Da*>. For the buoyancy-opposed
flow, the buoyancy force acts to decrease the fluid vel-
ocity for the near wall region. In the beginning, Nu
decreases quickly with the increasing |Ra| before the
|Ra| reaches a threshold value, |Ra,|. After this
threshold value, Nu increases slowly with increasing
|Ra|, but it is always smaller than that of the pure
forced convection. The value of |Ra,| strongly depends
on the modified Darcy number and Forchheimer num-
ber. It is higher when Da* is smaller and/or F is larger.
The Forchheimer number effect on Nu is minor for
F<0.01/Da*?.
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